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Dynamic Model and Control of a New Quadrotor
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Abstract— In this work a dynamic model of a new quadrotor aerial
vehicle that is equipped with a tilt-wing mechanism is presented.
The vehicle has the capabilities of vertical take-off/landing (VTOL)
like a helicopter and flying horizontal like an airplane. Dynamic
model of the vehicle is derived both for vertical and horizontal flight
modes using Newton-Euler formulation. An LQR controller for the
vertical flight mode has also been developed and its performance
has been tested with several simulations.
Keywords— Control, Dynamic model, LQR, Quadrotor, Tilt-wing,
VTOL.
I. INTRODUCTION
Unmanned aerial vehicles (UAV) designed for various mis-
sions such as surveillance and exploration of disasters (fire,
earthquake, flood, etc...) have been the subject of a growing re-
search interest in the last decade. Among these aerial vehicles,
airplanes with long flight ranges and helicopters with hovering
capabilities are the major mobile platforms used in researches
by many groups. Besides these commonly used aerial vehicles,
the tilt-rotor aerial vehicles combining the advantages of
horizontal and vertical flight have been gaining popularity
recently. Because these new vehicles have no conventional
design basis, many research groups build their own tilt-rotor
vehicles according to their desired technical properties and
objectives. Some examples to these tilt-rotor vehicles are large
scaled commercial aircrafts like Boeing’s V22 Osprey [1],
Bell’s Eagle Eye [2] and smaller scale vehicles like Arizona
State University’s HARVee [3] and Compigne University’s
BIROTAN [4] which consist of two rotors. Examples to other
tilt-rotor vehicles with quad-rotor configurations are Boeing’s
V44 [5] (an ongoing project for the quad-rotor version of V22)
and Chiba University’s QTW UAV [6] which is a completed
project.
Different controllers designed for the VTOL vehicles with
quad-rotor configurations exist in the literature. Cranfield
University’s LQR controller [7], Swiss Federal Institute of
Technology’s PID and LQ controllers [8] and Lakehead Uni-
versity’s PD2 [9] controller are examples to the controller
K.T. Oner, E. Cetinsoy, M. Unel and M. F. Aksit are with Sabanci
University, Orhanli-Tuzla,34956, Istanbul TURKEY (corresponding author:
munel@sabanciuniv.edu)
I. Kandemir is with Engineering Faculty, Gebze Institute of Technol-
ogy (GYTE), Cayirova-Gebze, 41400, Kocaeli TURKEY. (e-mail: kan-
demir@gyte.edu.tr)
K. Gulez is with the Department of Electrical Engineering, Yildiz Technical
University (YTU), Barbaros Bulvari-Yildiz, 34349, Istanbul, TURKEY (e-
mail: gulez@yildiz.edu.tr)
developed on quad-rotors linearized dynamic models. Among
some other control methods of quad-rotor vehicles are CNRS
and Grenoble University’s Global Stabilization [10], Swiss
Federal Institute of Technology’s Full Control of a Quadrotor
[11] and Versailles Engineering Laboratory’s Backstepping
Control [12] that take into account the nonlinear dynamics
of the vehicles.
This paper reports the current work on the modeling and
position control of a new tilt-wing aerial vehicle (SUAVi:
Sabanci University Unmanned Aerial Vehicle) that is capable
of flying in horizontal and vertical modes. The vehicle consists
of four rotating wings and four rotors, which are mounted on
leading edges of each wing. This 1 m long and 1 m wide aerial
vehicle is one of the first of its kind among tilt-wing vehicles
on that scale range. The predicted flight times for this vehicle
are 20 minutes for vertical flight in hover mode and 1.5− 2
hours for horizontal flight at 40−70 km/h flight speeds.
The organization of this paper is as follows: in Section
II the dynamic models for the vertical and the horizontal
flight modes of the vehicle are obtained using Newton-Euler
formulation. In Section III a position controller is developed
for position control of the vehicle in vertical flight mode
using LQR approach. Simulation results and conclusions are
provided in Section IV and Section V, respectively.
II. DYNAMIC MODEL OF THE VEHICLE
The vehicle is equipped with four wings that are mounted
on the front and at the back of the vehicle and can be rotated
from vertical to horizontal positions. Fig. 1 below shows the
aerial vehicle in horizontal and vertical flight modes.
Fig. 1. Aerial Vehicle in Horizontal and Vertical Flight Modes
With this wing configuration, the vehicle’s airframe trans-
forms into a quad-rotor like structure if the wings are at the
vertical position and into an airplane like structure if the wings
are at the horizontal position. To keep the control complexity
on a minimum level, the rotations of the wings are used as
attitude control inputs in addition to motor thrust inputs of
the vehicle in horizontal flight mode. Therefore the need of
additional control surfaces that are put on trailing edges of
the wings on a regular airplane are eliminated. Two wings on
the front can be rotated independently to act like the ailerons
while two wings at the back are rotated together to act like the
elevator. This way the control surfaces of a regular plane in
horizontal flight mode are mimicked with minimum number
of actuators.
A. Vertical Flight Mode
In vertical flight mode, the mechanical structure of the
vehicle is very similar to a quad-rotor vehicle and the dynamics
of the vehicle can be approximated by the model given below:
Fig. 2. Aerial Vehicle in Vertical Flight Configuration
The two reference frames given in Fig. 2 are body fixed
reference frame B : (Ob,xb,yb,zb) and earth fixed inertial
reference frame W : (O,x,y,z). Using this model, the equations
describing the position and attitude of the vehicle are obtained
by relating the 6 DOF kinematic equations with the dynamic
equations. The position and linear velocity of the vehicle’s
center of mass in world frame are described as,
P =
xy
z
 ,V = P˙ =
x˙y˙
z˙

The attitude and angular velocity of the vehicle in world frame
are given as,
α =
φθ
ψ
 ,ω = α˙ =
φ˙θ˙
ψ˙

where, φ , θ , ψ are named roll, pitch and yaw angles respec-
tively. The equations for the transformation of the angular and
linear velocities between world and body frames are given in
equations (1) and (2):
Vb =
uv
w
= Tbw(φ ,θ ,ψ) ·V (1)
where
Tbw(φ ,θ ,ψ) = Rx(φ)Ry(θ)Rz(ψ)
ωb =
pq
r
= E(φ ,θ) ·ω (2)
where
E(φ ,θ) ·ω =
1 0 −sin(θ)0 cos(θ) sin(φ)cos(θ)
0 −sin(θ) cos(φ)cos(θ)

In this underactuated system, besides creating the lift forces,
counterclockwise rotating propellers 1 and 4 create torques
(T1 and T4) in clockwise direction whereas clockwise rotating
propellers 2 and 3 create torques (T2 and T3) in counterclock-
wise direction (Fig. 2). That way the attitude of the vehicle
is preserved if equal lifting forces are created by each rotor.
The vehicle will move along x axis, if the pitch angle of the
vehicle is changed either by reducing the lift forces created by
rotors 1 and 2 or increasing the lift forces created by rotors
3 and 4 by the same amount. The vehicle will move along
y axis, if the roll angle of the vehicle is changed either by
reducing the lift forces created by rotors 2 and 4 or increasing
the lift forces created by rotors 1 and 3 by the same amount.
The yaw angle of the vehicle is controlled by trading lift
forces from counterclockwise rotating propellers to clockwise
rotating propellers or vice versa. The dynamic equations for
the forces and torques acting on the vehicle’s center of gravity
are given in equations (3) and (4):
Fvtot = MbV˙b+ωb× (Mb ·Vb) (3)
where
Mb =
m 0 00 m 0
0 0 m

Mvtot = Inω˙b+ωb× (In ·ωb) (4)
where
In =
Iu 0 00 Iv 0
0 0 Iw

Iu, Iv and Iw are moment of inertias in the body reference
frame. The total force Fvtot acting on the vehicle’s center of
gravity is the sum of the lifting forces Fvcg created by the
rotors, the gravity Fg and the aerodynamic forces Fva which
is considered as a disturbance, namely
Fvtot = F
v
cg+Fg+F
v
a (5)
where
Fvcg =
FvxFvy
Fvz
=
 00
−(F1+F2+F3+F4)

Fg =
 −sin(θ)sin(φ)cos(θ)
cos(φ)cos(θ)
 ·mg
The total torque Mvtot acting on the vehicle’s center of gravity
(cog) is the sum of the torques Mvcg created by the rotors and
the aerodynamic torques Mva which is again considered as a
disturbance, namely
Mvtot = M
v
cg+F
v
a (6)
where
Mvcg =
MvxMvy
Mvz
=
 ls −ls ls −lsll ll −ll −ll
λ1 λ2 λ3 λ4


F1
F2
F3
F4

Ll and ls are the distances of rotors to the center of gravity of
the vehicle in x and y directions. Note also that Ti = λiFi for
i = 1,2,3,4 and sum of torques created by the rotors result in
a yaw moment along the z axis in vertical flight mode:
Mvz =∑
i
Ti
The parameters of the vehicle used in dynamic modeling are
given in Table I below.
TABLE I
MODELING PARAMETERS
Symbol Description Dimension/Magnitude
m mass 4 kg
ls rotor distance to cog along y axis 0.25 m
ll rotor distance to cog along x axis 0.25 m
Iu moment of inertia 0.195 kgm2
Iv moment of inertia 0.135 kgm2
Iw moment of inertia 0.135 kgm2
λ1,4 torque/force ratio 0.01 Nm/N
λ2,3 torque/force ratio -0.01 Nm/N
B. Horizontal Flight Mode
In horizontal flight mode, the mechanical structure of the
aerial vehicle forms the airframe of a four winged airplane
with two wings on the front and two wings at the back.
The aerodynamic lift and drag forces that are considered as
external disturbance in vertical flight mode need to be taken
into account in dynamic modeling for horizontal flight. Fig.
3 shows the aerial vehicle in horizontal flight mode. The lift
forces F iL and drag forces F
i
D for i = 1,2,3,4 generated by
each wing are obtained from the equations:
F iL =−
1
2
cL(θi)ρA ·V 2 (7)
F iD =−
1
2
cD(θi)ρA ·V 2 (8)
where the angle of attack for each wing is given by θi.
Because the wings at the back are rotated together their angle
of attacks are the same for all time (θ3 = θ4). Note that the
lift coefficient cL(θi) and the drag coefficient cD(θi) are not
constant variables, but functions of angle of attack θi for each
wing. The total force Fhtot acting on the vehicle’s center of
gravity is the sum of the forces Fhcg created by the rotors, the
gravity Fg, the lift and drag forces generated by the wings
Fig. 3. Aerial Vehicle in Horizontal Flight Configuration
Fw and the aerodynamic forces Fha which is considered as a
disturbance, namely
Fhtot = F
h
cg+Fg+Fw+F
h
a (9)
where
Fhcg =
FhxFhy
Fhz
=
F1+F2+F3+F40
0
 (10)
Fw =∑
i
F iL +∑
i
F iD =
−(cD(θ1)+ cD(θ2)+2cD(θ3))ρA2 V 20
−(cL(θ1)+ cL(θ2)+2cL(θ3))ρA2 V 2

(11)
The total torque Mhtot acting on the vehicle’s center of gravity
is the sum of the torques Mhcg created by the rotors, Mw created
by the drag/lift forces of the wings and the aerodynamic
torques Mva which is again considered as a disturbance, namely
Mhtot = M
h
cg+Mw+M
h
a (12)
where
Mhcg =
MhxMhy
Mhz
=
−λ1 −λ2 −λ3 −λ40 0 0 0
ls −ls ls −ls


F1
F2
F3
F4
 (13)
Mw =
 −(cL(θ1)− cL(θ2))ρA2 V 2ls−(cL(θ1)+ cL(θ2)−2cL(θ3))ρA2 V 2ll
−(−cD(θ1)+ cD(θ2))ρA2 V 2ls
 (14)
Note that the sum of torques created by the rotors result in a
roll moment along the x axis in horizontal flight mode:
Mhx =∑
i
Ti
The dynamic equations obtained for 6 DOF rigid body trans-
formation of the aerial vehicle in inertial reference frame W
are also valid for the dynamic model in horizontal flight mode:
Fhtot = MbV˙b+ωb× (Mb ·Vb) (15)
Mhtot = Inω˙b+ωb× (In ·ωb) (16)
III. LQR CONTROLLER DESIGN
To design a position controller for vertical flight mode of the
UAV, first the equations obtained in Section III.A are put into
state-space form. The state vector X consists of the position
(P), the attitude (α), the linear velocity (Vb) and the angular
velocity (ωb):
X =

P
Vb
ωb
α
 (17)
In light of equations (1)-(6) the following equation is obtained:
X˙ =

P˙e
V˙b
ω˙b
α˙
=

T−1be (αe) ·Vb
M−1b · [Fvtot −ωb× (Mb ·Vb)]
I−1n · [Mvtot −ωb× (In ·ωb)]
E−1(αe) ·ωb
 (18)
which is a nonlinear plant of the form
X˙ = f (X ,u) (19)
Although the state vector contains 12 variables, the aerial
vehicle is an underactuated system with 4 DOF. Therefore the
control parameters of the plant are chosen to be the position
P(x,y,z) and yaw angle (ψ). In order to simplify the controller
design, the actuating forces and torques are decomposed into
four virtual control inputs (ui) as follows:
u =

u1
u2
u3
u4


−(F1+F2+F3+F4)
ls · [(F1+F3)− (F2+F4)]
ll · [(F1+F2)− (F3+F4)]
λ1F1+λ2F2+λ3F3+λ4F4
 (20)
For LQR controller design, the dynamic equations of the
vehicle are linearized around some nominal operating condi-
tion point, e.g. hovering condition. A, B and C matrices of the
linearized system are computed as follows:
A =

∂ f1(X ,u)
∂X1|x=xn · · ·
∂ f1(X ,u)
∂X12|x=xn
...
. . .
...
∂ f12(X ,u)
∂X1|x=xn · · ·
∂ f12(X ,u)
∂X12|x=xn

B =

∂ f1(X ,u)
∂u1|u=un · · ·
∂ f1(X ,u)
∂ u4|u=un
...
. . .
...
∂ f12(X ,u)
∂u1|u=un · · ·
∂ f12(X ,u)
∂u4|u=un

C = I
where I is 12×12 identity matrix.
A controller in the form:
u(t) =−K(X(t)−Xre f ) (21)
is selected to stabilize the system, where Xre f is the reference
state. The feedback gain matrix K is found by minimizing the
following cost function
J =
∫ ∞
0
[(X(t)−Xre f )T Q(X(t)−Xre f )+u(t)T Ru(t)]dt (22)
where Q and R are semi-positive and positive definite weight-
ing matrices of the state and control variables respectively.
IV. SIMULATION RESULTS
The performance of the LQR controller is evaluated on
the nonlinear dynamic model of the vehicle given by (18) in
MATLAB/Simulink. Q and R matrices used in LQR design
are selected as:
Q = 10−1 · I
R =

10−1 0 0 0
0 10 0 0
0 0 10 0
0 0 0 10

where I is the 12x12 identity matrix.
Starting with the initial position Pi = (0,0,−10)T and
initial attitude αi = (0,0,0)T of the vehicle, the simulation
results given in Fig. 4 and Fig. 5 show the variation of the
position and attitude state variables for the reference inputs
Pr = (3,3,−15)T and ψr = 0 under ideal operating conditions
without any external disturbance.
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Fig. 4. Position control of the vehicle under no disturbance condition
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Fig. 5. Attitude control of the vehicle under no disturbance condition
Note that position and angle references are tracked with
negligible steady state errors. The lift forces generated by each
rotor are shown in Fig. 6. The control effort is small and the
magnitude of the forces that need to be generated don’t exceed
the physical limits (' 12 N) of the rotors and remain in the
±%20 margin of nominal thrust.
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Fig. 6. Forces generated by the motors
The robustness of the LQR controller is evaluated by
repeating the simulation with the same initial conditions and
references after adding the aerodynamic disturbance force Fva
and disturbance torque Mva to the model. These disturbances
are modeled with Gaussian random variables of zero mean
and 0.01 variance that represent small airstreams and winds.
Fig. (7) and (8) show the variation of the position and attitude
variables under these disturbance conditions. Notice that the
system is again stabilized with the same controller and the
position errors due to the disturbance are approximately on the
order of 0.1 m, whereas the attitude errors are approximately
on the order of 2.5 degrees. The lift forces generated by
each rotor are shown in Fig. 9. Fig. 10 shows the tracking
performance of the controller for a rectangle and circle shaped
trajectory reference while maintaining ψr=0 yaw angle refer-
ence under disturbance conditions. Note that good tracking
performance is obtained using the LQR controller with the
same parameters. The lift forces generated by each rotor are
shown in Fig. 11.
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Fig. 7. Position control of the vehicle under disturbance condition
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Fig. 8. Attitude control of the vehicle under disturbance condition
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Fig. 9. Forces generated by the motors under disturbance condition
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Fig. 10. Rectangle and circle shaped reference tracking under disturbance
condition
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Fig. 11. Forces generated by the motors for the rectangle and circle shaped
reference trajectory under disturbance condition
V. CONCLUSION AND FUTURE WORKS
In this paper the current work on modeling and position
control of a new tilt-wing aerial vehicle (SUAVi) is reported.
The dynamic models of the vehicle are obtained for vertical
and horizontal flight modes and an LQR based position control
algorithm is developed and applied to the nonlinear dynamic
model of the vehicle in vertical flight mode. Results are
verified with simulations in Matlab/Simulink. A good position
tracking performance is obtained using this controller. Future
work will include improvements on the dynamic model and
design of a unified position controller for vertical and hori-
zontal flight modes. The ongoing construction of the vehicle
will be completed and the experiments will be performed on
the actual vehicle.
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